
Robot Devices
,

kinematics
. Dynamics .

and Control
.



Office hour : Monday after class

Points & Vectors

Point : location in 3D space Vector : Distance & Direction

can subtract points p
•

v. g- p
can't add them

.

•

Representation of points & Vectors
.

Q

An
array of n numbers

p=f¥gn| ELR
"

might represent a point or vector .

MLSC course Text ) Uses p . q for points ( non - bold
,

Roman )

Bold face V
,

W for vectors .

Definition : Linear Vector space is a set

*
and a field

¥
together

with two operations .

Vector addition
.

scalar - vector multiplication .

such that for x ,y ,
-2 Ex

,
a .pe# closed

xty EX and x. XEF



and the following actions are satisfied .

i ) xtyrytx
:D C Xtystz  = xtcytz ,
iii. ao→e× such that xt 8 = X

w) Lcxtytoxtay
v) ftp.3.axtpx
v'D HB)x=aCB×)
vii ) ox = OF

T
:q

4
I xttx ) . -0

viii ) 1. x = X

Let V
" be normal n - dimentiorol real vector space ,

An element of V "  is just

%)
' vtw=

-

4 # numbers

f- with
, vitw ,.  - Vntwn ]T

A norm ,
11.11

,
is a real - valued function .

 that satisfies .

for all AER
,

XEV
"

i. ) IKXH a

KHXH
CN) if 11×11--0 ⇒xte

i 'D HXTYH EHXH tllyil Example :

1111112Mtniii ) 11×1170
-

=jyTx



^

11×11
,

= Hilt Halt '  " Hnl

~
11×11=1

Ilk.la = Max 1×1

7

Ndp  

=PF2E
/ T

µya
Hk

Inner Product on V

KYEV
"

< x. y > = XTY = X . y ,

11×112 = FFX

M↳UsesR"forrea/=

Physical vectors in 3D space can be represented by element Vn
.

but to do so . we have to  establish a basis fiij ,
E) .

If F
 

is a physical vector
,

then vtffgijtg |

physical points can be represented . elements of 1123 once we've

established a frame fo.j.in ,
kl

,

where Or is the origin

so if F
 is a physical point ,

we write



( Ff )

.ie#Eootii*t

A universal frame is implied / understood

If p ,
9
, ER3 are points ,  then vop - q is a well-defined vector .

'

•

P .

# r Panes are not addabk

Milrmhv
v. ftp.?haDev

Frame i
subtraction .

'
✓

Distance between points and lengths of vectors

We will treat R "
as Greek

space ,
with the standard two - norm used

as a distance metric between points .

ie . Prem '

dcp
,
g) = up -911

. =j¥FP9I2
Let OER denote the origin .

frame
,

then JPFPFPI can only have

meaning as 11Poll .

ie
.

distance to the origin .

Some Important Facts f=  for all 1- =  there exists

←
wth the sane Held .

i¥¥xaxi÷¥iFIYa*;!Y*tII*:i¥q!iiEiI;wiHyIst÷¥i#



Theorem

Let X. Y be LVS over ¥
.

and let a. pE7 and X
, ,ktX .

then a  function  f : X→Y is linear if and
only if

fcxxitpxz) - a  fcx ,)tpfCX)

Proof
: C Both Direction )

Let a =p - I
, fcx.tk )=fCH , tax . ) 1- FCXDTIFCK )

= fix , )tfcX . )

Proves ip superposition .

To prove Li;) .

f[&x , )=fHktO→) by axton (3)

= TAX ,
-10.112) by axton ( 7 ) if LVS

= Lta , )tifH ) L p-01

= 2tHDtF
by axbn 7

= xfcxi )

"

Only if
"

THXHBAD = flax , )tf CBik ) attend )



=xflxDtfcX2 ) by axionci 'D QED
.

•
A set of vectors

, ,
is said to be linearlyDependant .

a . . .Xn£x y ,
not all 2=0

if I a. ,  
.

- .

,
an E 7

.

such that dixit . .  - tdnxn = 0

• A set 4 vectors is said to be Linearly Independent . if no

such is exist

Example :

[ 0

, ] , to]
,

'Ll
,

) Gpi
,linearly dependant since at ,a= ,

& } :-/
standard Basis in R

"

fondled .nl?tau
Given X

, .KEX
,

He space of FX ,
-  '  - Xu } is the set of all vectors

VEX of the form

Vi Eh
,

dxi  for any
scalars

,

4 -  " an

Related idea :  colour
spare of a matrix

At fail
"

99 ERPM where aierp
.

scolmn spoofing



A set of LI vectors X , ,

.  -  .  . ;Xn such that X = spank , .  
.

i. Xn } is a

Basis for X .

Examka..f!g| ,
a. ft;D ,

... .eu if ?;] where eiek
"

is called the standard basis
.

Consider the 2nd
-

order linear ODE

iitsxthto C * )

claim : real - valued solutions to C* ) form a LVS over LR .

Proof : Let hit )
.

Xslt ) . X. As be solutions to C* .  and let

Aib EIR
.

closure
X. Hit XKD is also a solution

.

To check
. plug into #

.

dd÷p( xitxrl tsddcx 't XDTZCXHXD

= Ciithi , -12k ) t Ciistsxi
t÷

= 0 = 0

= O

⇒ closed under valor addition
.

likewise ax ,
is a solution

, seen

by plugging into the LHS of CD .



⇒ closed under scalar multiplication .

Defining 8 = OH )
. axioms all follow tm perspective of IR

Noted to show 8 is in  the LVS .
but obviously Ot 30+20=0

.

By facts of differential equations .  all solutions to # can be expressed

as linear combination of HH ) = et
,

Vzitket '

Call He solution to HA X . Clearly , X - spank, it )
.

Xuts }

Must also show Vilt ) and vslt ) are LI  to prove  they are basis .

a. Etta # =o ⇒ a ,e
't

= - ae
't

#
- A. et = a ,

-

call only when Ai=az=O for  all t
.

Now we can represent all members of X wrt 1 Viets . KHH

Xct ) = a. Viet ) taint ) = [ hits KHD µaD

Yu ) = b. Vitbtbzkot ) = [ hit ) VND PD

aefaa
.
] is the representation of × wait suits , with

and bits
.] .

.  .

.

.
.

.



• Choice of basis is nd unique .

• However
.

the number of basis elements is constant Cfora giver Us )

[ all the number n
.

then we say we have an
"

n - dimensional

WS
"

MATRIX Facts
.

. A square matrix is said to be singular if det M=o

.
The column of a non . singular matrix and 4 ⇒ they span 12h

.  The rows are also LL

. A matrix MEIRN "

is said to be SKEW SYMMETRIC

if M :  . MT
. example : M : µ,

to )
• ME IN

"

is SYMMETRIC if it MT

eg nits} ]
. The cross product of two vectors

.
X. YEHP

"
=E*iI¥tEmiElth¥hhit

-

A



Also xxy =
- yxx = - gnx

Note : XXT is Bilinear

Consider XEIK .

what are de cigar values of F ?

Direct copulation :

det CRL . d) =o

= RCR 't 11×427=0

⇒ d=o , IIHXH

Rigid Transformations C Folk MLS )

. Let pH ) €1123 be a function of time
, interpreted as a

moving point .

pit , = 'µ¥tyu) E R '

Likewise for out ) Elle .
a rigid body is one That for  any

two points pH )
. qitj

DCPHI , qlt ) ) = And ' a "  
'

. A ri '

'

'

motion [ points satisfies
/



. A rigid displacement is the net movement of a rigid body

trim one location te another under rigid motion .

• Let 9=1123 → 1123 mapping of points .

Natural
way to define a corresponding actions  on vectors

.

Pick an arbitary base point pot 1123

define g* : V
'

→ V3 via g*w)=g cpotu ) - gcpo )

. A mapping g : 1123 → 112
'

is a rigid displacement if
1. length is preserved ago 's - GUN 'll Pay

2. Cross product of vectors is preserved in  this sense :

G*CNxW ) = 9 * CV ) ×9*cw)
tt v. WEV

'

C orientation

presenting
)

Traits above rigk dtsplauml .

• The induced action µ*is linear g*C2VtpwIa9*CD

of a rigid displacement . tpg * ( w)

. Inner products are preserved .

V. W = LTCHVTWH
'

- HV - will )

polarization identy -



= lqcug * wtwyi - 119*4 - At ) → g* is length preserving

since g is presents .

=tCHg*cvHg*cw)li - hg*cHg*cwyD - linearity 49$

=g*CV) . g*CW)
polarization undone !

Translations
.

g CP )=PtVo .
where VOEV

'

is a C pure ) translation
.

Pitvo
"

ftp.t#epsw.

u

Rotations :

,

such that

Define soon )= I REIR
" " :& RTR =L

.

detk.tl }

distant preserving
# at 'm present.

so : is the set of
"

special Orthogonal
"

matrices
.

claim : Ekmaes of son , are rigid transformation .

proof : ftp.qEIRn .
let 94 ' )=Rp ,

then g preserves length.



_uRp-Rql1illRcpftll-J@Cp-aDTCRcp-qDjTFryraFEI-EtcpaseHPtHgxCH.gcptb-gcp1-RHtD.R

P = pv

Claims a Rcvxw )= ( Rv )×cRw )

Pf :
 PS I

.

• General Displacements in 3dimensions

Given RESO c §)
,

VEV

Define . gcp ' = Rptv

claim : of is a rigid transformer .

Overview of 530 : 646

D kinematics . a) Dynamics 3) Control
-

'toward - of serial link
- Inverse -

fully actuated
- Differential - robot manipulator .

Example to cover CB.CH
. (3)



t.at#Ei jaw

Description : Planar .  two - link solid
,

revolute

manipulator

D Kinematics
.

• toward
. position ! orientation of end

-effect'dh
as a function  of

as a function of a. a

Kinematic map €
SOCL)x|R2

f : T
'

→ SELL ) or simply but slightly inaccurate :

t.IR → IR
'

f :µed→l¥l

*  a , . jtioslnooit.tk#ita0YaytIaooOitOs

Also part of kinematics hth

µ
⇐ - H

(b) Inverse kinematics
.

Given end -

"

pose
"

→ position  + orientation

find a
. Or



these sine dim of co .
do min is }

but the dim of domain is 2-
-

The problem is ill - posed .

so let's consider

1=1122 → 1123
µg] . f- Has :(ej

"

a) Differential kinematics

Idea " compute pig ) given 0 '
. A

'

using
the chain rule .

( xyl
. I can a)

Jacobian Matrix

⇒ ¥ 'HY÷÷F.IE?iIiEo.tFo*oftoit
Es Eiz

I 'HY¥Yfi0ag) Iortasate .

" "

I ..ly i. ties ⇒ Enos . o
'

ix.  ¥f :O



D Dynamics

Largo .  - Equation

3) Controls

Group

Def : A
group

is
a  set µ together  with a binary operator

ftp.y-ythat satisfied

Ted

for  all a , b. c Ey

1. closure :  fca ,
b) GY

2. Assoc :  flaifcb , c) ) =  fltca ,b )
. c)

a
. Cb . C) = ( a. b) C

3 . Iety st
. ae . a

4. for each aey ,
I at st a. at =e



Recap

D kinematics

FWD .
 f :  

"

Joint Space
"

→

"

End . effect or
"

. configuration space
"

f : Q → SECN )
,

nt 2.3

4- Q = Joint Space

Example

f : lR2 → 1123 Then onside .  f : 10ft → µy )

f : 10ft → Hz
) Lnv .  -

-

• Differential ki '  . .

Ti : JCOIG

¥-

supposed 2 want it = V* . a desired velocity . knowing -0
.

and

being able to command Oi

→
matrix in

.

Then set O
'

= Ito ) v*

Inverting J requires L.L.  of columns
.



Group

Def : a set and a binary operator ,
0 : if xY→Y c closed )

that satisfies

1. Associtivity .

fa.be EY ,
a. cb.cta.tk

2 . Fe EY , st . a .e=a
. ttaey

( Also , c. a= a
, can be proved /

3 . For each a ing.

I At Ey .
st a. at :c

C also  true : At .a=e )

¥
n

H⇒
9¥ 'H⇒

>
X

+9¥##



let * *#
-

Representing 3D Rotations

r Rotation matrices . RGSOCD

Plusses . • Sequential Rotations .

Ri
,

122
. Rs are easily

combined via matrix multiplication  to compute net rotations
.

If R , .
 then Rz .

× → CRX )

C R, X ) → RZCR
, D

⇒ X → CRZ
.

R, )X

• Inverse is easy R
"

. RT

Minuses : 9 numbers of 3 DOF

Euler  angles

yawp Ryce ) = Rotation about Y , angles 0
2 ^

, -0¥s¥ihhoGµ
, .€ Rich

= .  . . x . ¢
Y

× R*C4) = .  -
- Z

Re RTRYRX



Pluses " 3 numbers  for 3 DOF

Minuses .

. Singularities .

* Look up iumhutn .

Representing Rotations C Recap )

• SO (3) ~
>

- 9 numbers for 3 DOF

. No singularities
-

Group  easy to composite .

• Euler Angle ~ > - 3 numbers for 3170 't

t
small angles

unit
singularities

airquterinion~ > 4 variable number
.

slightly redundant
.

Q : C &
, 9 )

.

where a ER
,

of C- 123

require a that =P
.

Q = C &
, if ) = C cos £

. wsingf )
,

where WE 123
,

with HWHH
.

OEIR

11011=1

Note : soc } ) = SYP - p DEF
Same .



Another way to write Quatlrten
.

: at ibtjctkd
'

it . we commutative
.

= -  .  .
-

Def : A group G  with its  operator o ,
acts on a space* . If there is a

mapping f. Gx :X: → *satisfying :

in G
v

1. identity action : If eea is  the identity element fce .×s=X
,

fx EX

2. Associating : ttg , he H  and xG¥ ,  then  fly ,  fch , x ) ) =  fcgoh , × )

Example
-

Translation Group

Recall V
"  

is LVS ⇒ V
"

is a group  under  addition

Cwe can say V
"

acts on points in R
"

in the usual way : vector
, point addition

.

c- Group  operator.

proof : G  = V
"

. Xi  ±R
"

.

here f =

"

t
"

,

also  o=
' '

 t
"

t
Action

Closure : A v. w EV
"

, PER "

. VTPER
"

.

by properties of point . rector addition
.

I . e= Hof is identity element
. of V

" and etpep , V. PER
"

. obviously .

vector
,

2. Associating : Vtcwtp ) : CHWHP by pwperitisoftpimt- vector addition
.

autfen Fiction T ^(
action

group operator .



Example : C 12
.

t ) Group .

*er

candidate  action  fcax ) =  axtxtt .

aha
. ER

Fails both axioms .

D e=O ,  fce .  × ) = Xt # X

2) a. bear
,  XE # .  fca #b. x ) )=atbtXt2 # fcaob ,  x ) = atbtxtl

Group Products

Given two groups C G.  o ) and CH
, a)

Direct Product : Given 9 , ,gzEG .
hi .hzEH

-

Then Cgi .
h , ) GGXH

Cgz .
hz ) EGXH

And the direct group product would be

Cg , ,h , ) a Cgnh .
) = (g. ogz ,

h
,

ah . )

Example : G ' Sas ) C matrix multiplication )

it  =P creator  addition)

Direct Product : GXH if CRNVD
,

CR .
, Va ) EGXH

then CR , ,V ,
) a CKIVD -  - LR ,  Rz

,
VHVD

Consider SECD acting on 123
.

G- =CR ,V ) ESEC } )

We know GCP) = Rptv



Example : 90° Yaw
,

more 1 - m  along x - axis
.

R

:#¥itritbl
' "

Hot a.

^
.

P

q
> a  sRptviltol :

Rz = I
.

Vs =/ ! )
,

r : Rsqtv . =/ }o|

Apply in another order

R.pt Va  = /f/=q
Riqth - IH

Doesn't match R.R.pt VHV .
= pool

Roll ⇒ Pitch → Yaw World

Yaw  
→ Pitch → Roll "

Nested .

"

frames .

fix th model for how to combine groups
to model rigid transformation .

Apply CRZ ,
Vs) to p ,

then apply CRI
, VD to  tk result .

g. cp ) .

. Rzp + Vz=q
9.CPkR.9tVisRiCRzptVdtV.rRik.ptCR@f.V.D

*
 the



Semi . direct group product

of , .gs = CR , Rz , Rikt Vi )

I
'

Tcp
. .vn \CR , ,VD

Works BK SOG ) acts  on V3

Homogeneous Representation  of points .  vectors & rigid Transformation .

Points F ftp.t.gl

vectors
v / "Yy )

pa . type:#iainiti " "

ptr=fk¥¥iyl is  a point

itw=µtjM|
is a vector

Rigid Transformations

o=H¥MIn  this Rotation

intently
"I4

aiyrypdyrwpygnwy



Usually abuse notation and white homogeneous representation without "

-

"

⇒ gp=cRptn=l" itty = ly,!lP

Recap•
Basic Math Def .

. .

- LVS
, linearity

-

Groups
- Euclidean Space .

- Group Action
- Points vs .

Vectors

• Rigid Transformations
- Def n

- Two Key examples .

-

Translations
Be

-
Rotations SOCD

- semi - direct product : SEC } )

SEC } ) = SO (3) OR
In

4
semi - direct product .

special Euclidean

Group
-

Homogeneous Representation .

o :(Rv ) 1- > [ FY )
⇒ 12=94 :3

, i :} )

-

DV = 9C 't :3
, ¢ )

Homomorphisn g

P H IYI home point

V l→ |Y| home veeton
.



Rptv = gp

. Representing Rotation

- ( Represent Translation : 3 - vector )

- Euler Angles
- Quaternion

,

531pm

- Axis angle . ( w , o > ,
WEN

, Hwht ,
EERAD

. 2h

Degree of Freedom

- locally) The dimension of the configuration space

- minimum # of real parameters to coordinate lparaual the space .

Given a set of
,\ parameters subject to  a set of n

constraint equates .

n ( Assume men )

so , s ,
.  -

- Sn  subject to f

If rank J=m ,
then  the constraints are independent .

and there are r=n - m DOF
.

In general ,
there are r= n - ranked DOF



Consider 5= { XER
'

: xitxitxi = 1) Xx . I

N :3 ,
m=  I

,  fcx , ,  x. .
X } ) = XTX - I

J = [ ZX , 2X< H } ] which is  always rank 1  on 5
, F- 3-1=2 DOF

;¥
,

Tl=fXER3 : Xtv :O }

⇐##o⇒
U

It
= 5AM =1xEM3 : xtx -1=0

.
 xtv :o)

j=LyY)
¥ Fix

× cannot be parallel cand therefore LD upon ) V !

ie . rank CJ ) =2 ony - -

K
.

Matrix Exponentials

Exponential Review :

e×=Hxt¥t¥← . solves among other  things how  to deal with irrational exponents .

% it  =  realising



Exponential function ( or
"

map
"

7 is smooth and is the elgn  function  of differentiate
eign  value

.

FIHII.es#..daxeeEnnI.ite
"

eat = I + At ttettftst
,

Ast 't . . . . Ern
"

where A Etrmn ,  tem CAEM " "

)

Look at ¥ eat =  tdfcttattf
.

AH '

... . )

= Onxn t At A' ttzt
.

Atttst
.

A 't 't . .
. .

=ACItAtt¥A2t2t¥A3t 't . . . )

= A eat

Could have  factoredout and to the right ⇒ ddqttt.AE#=eAt.A

In general eat . Bf B. eat

when P .

^ .
P

µw
: constant Claim p.tt ) : eatP .

Vis
the initial

position .

/
>

Proof " adtpct) :  adtcewtp. )

v p=w xp = dttcewtsp.

=w^p = debt Po

=  in pH ⇒ which satisfy

D=  Ap



Ithas a lot of structures
.

eat .q . qis a pit , til

= qtwqttg.wytst.ie 9th ,.h4qt . . .

Look  at wnkq = C-  " Couxcwxcwxq ) ) ) )
W

a

WXU 7An11K¥# c-
Planet x.  w

/←¥w×@×w×N
)twxcwxq

)

*late qi

W^3q= hwiifwq )

= - Hwy
3 wnq

In general K odd ink =  tllwllktw
'

I alternating sign .

K even
ink =±hwtYw '

Group terms

et =L t CSMO )w^ tcl . coso )w^2

-0=11 Ml



N parameters m constraints
'  '

independent
'

r=n . m = DOF

Example : X. '  - fXER3 : llx - Wtxlt

:o)⇒
- 1 114 . vvyxlt

^

.

qfgx.ru
'D

.tk.in
,

n
zo

' F Xia

.fi/Gn3:Hctvv5xlt

-22=01

⇐÷# -# >

m=I constraint

cylinder f- rtm . 3-1=2 Dot

Constraint Function

f : M3→pR3
µ

,
symmetric ,

doesn't matter .

faDexTCL-VI@vyx-a2C2-vuTjCL-VVJC2-VV5i1-2VvttVvtvVT.L

- VVT



TCD = XTCLVVDX -22

fact .

. ¥×CXtPx)=2XtP . p is symmetric .

to
an

→ 3×1=2*4 . vvt th

rankc # = I it 31×1=0

1K¥54
'

'

-411
CLVVJX 112=22 > 0

When 2=0 .
 fcx )= XTCZWDX

4yd = ZXTCL. Wy = Lo o o ] rank dfitnt ,

and i.  cane

apply

Rank is a robust property aunegargunf

An alternative de of ×

X =SXfM3 : ( 2- VVT )×=o }
-

f- ( x )

2¥
,

- it my

tank ( I . VVD = 2 f- n - 2=3 . 2=1

Derivative Notation

t :mP→R ' tcxseranwnxer . ¥ ftp.#¥xi "  

¥t)
E÷ .  - .

*
Mp



If 4 : R
"

→ R
.

is scalar - valued function
.

Define I4=[ ¥ ]T£Rn

Reading : Implicit function Theorem
-

skew Symmetric Matrices .

socas = fsermm :
s= - st }

If MERNM
, me call Soft Mtv ) the

"

skew - symmetric part
"

Note .
. st . flnmyt =  ICM '

. µ ) .  
- ICM . MD .

.  - s

Likewise th symmetric part

Q=ICµtM 'D

we say M is
"

decomposed
"

into symmetric and skew - symnetri pads.

Hence
. StQ=M

Let A : 123 - SOCS )

V : sog , → pp

F. Enjoy ¥)
and ✓ a "

"

a
"

as tower :X

GV



Two  facts proved :

. ^

RIRT = RV

Matrix Exponentials .

ab :
dhab

=  expcblna)
I

> blog series .

CAO = Lt Aot al Aioit - . .
.

Also Matrix log
: 1nA  = 2- something

Matrix log is an inverse of exp ,
on the

image of R
"

under exp .

Mattab

> > A -

. rand ( 3,3 )

⇒ eA= expmktl ;

⇒ A test : logm ( EA )

→ A - A  test

When me restrict A Elk
"

to be a  skew - symmetric matrix .

At NO
.

11Wh =L

Then R=e 't  
= the Ltsinowntctasotwl  

is always a rotation
.

And exp
: sous ) → SO (3) is onto SSOCD



Image of sobs under exp is 5013)

In  this case
, log CR )

Inverse is ml one-to-one .

Generalize exp to rigid Transformer via twists
.

Motivation → consider a lot GIR
'

may
be angular velocity

by a unit vector w . # =I

f= { xtR3 : X =9t2w
.

a GM }

\
.

^

,

!a¥' Pits is . wxcpas - g)

>

L

Let § = [ NotY ] , v = . wxq

⇒ Leo] .

. ftp. ] = two, I ][ ! ) = wxptv . wxcpts

Let p . µ] be homogeneous coordinate for P
.

is = IF z
linen system fail .

⇒ Its = exptitftpg)



This motivates a generalization  of soo )

se (3) = I CV .
w ) : VERT . wER3 }

[
3×3 skew symmetric .

Sec } ) = f they ] '

 - VER
'

. wept )

Let 9 = CV ,
w ) Gtr be twist coordinates

.

Let fiftyno] and v is the inverse
.(

overloaded hat

so given 4×4 twist S

5 = cvi
,

wsekb

Cool kid formula for eio

e%= 4¥OF tctcososgnt Co . sinosf 3



Matrix Exponential of a twist :

f=[Vw]gR6 Ch - CV .w7ER3xR3
.

OER

Assume Wto . Holly . without lost of generosity
- 7

tiles;] .

expfeiol : Itoftcl - osojf '

t Co - sinoyf '

From MLS

Let f :C V. w ) GR3×1R3

et0=2tfo+I , that # Post .
.

.

in :[ Finney
Case I : Assume W= 0

fn=o
. except for

doff , ,±wg

" 1
.

Floto"oY
[ can assume WOLOG

ANK
't

.

Translation of magnitude 0 along v .

q
,

^ . q . q;=e&°p,

Pz

>

Es
%=P

. two
✓ Ps



Case 2 : 11Wh = 1

Upper 3×3 Block is lt0 =L tsinowt Ctcososwz

Derivation4×3×1 Block .

upper

Let of [ Roof
.

] : expftoz

Ri Roqn frwla
d :[ Lot. Ctasosiot Co . sinosyv

Screw : P q

:c
any point on  the ax 's )

re.tk#K.fy..eteocMh!Ynpitouosorew
>

A screw is given by fl
,

h
,

M }✓\e={
Him .ttM

a
,¥ Fitch

"

lmagatude

cos

If h=o
,

then we have a pure  translation
.

g- E. any

4
htoogiteooo a- Methow]



gate; aeesahoyl;)
=e%P + ( L - etojothow

=ew^0C p - 9) tqthow

Let

G-PtxwCalculate g. based on 9 . ( instead of 9) and show FGR .

Given screw
. compute fist

.

Given a screw ( {.

h
, -0 ) ,

ht 0
.

htx

i. (
'

wfgthe



Recap : -
{ It 'tw .tEM Hwh -1

screw : f t.h.nl

.h=o
⇒ pure  translation

⇒ g.tt, Ey
. hto

,
µ=o

A

⇒ g=[eoY°

ittos.hn#
*

Which looks  similar  to .

eeio
= Leafctei9g€wo]

eithf .

# =L

To bring these  into  agreement ,
set V= - cw×9thw )

Plug V → L *

( 1 - e "5[

wxtwxqthw
)] twwttwxolthw

]O=(
I .ettstwxcwxq ) + hµw° ) -(ww¥wg°st(wwIyh)oI

= CL - ett ) C- wxcwxq ) + who )

=
- CL - ettsiiq + who

D= - CL - 1 - int - fault - feat - . . .sw2q
.

= twhlwttzl
, way... )q

← nth term : ntwnttq
mm



wxcwxcwxq) )÷ 2

( - wx ( wxlwxq ) )
.

n

make argument when umpiring Rodri . Formula

fold that back into expansion .

& =. cwrttfwht 't . ... )q

=  +4 - e.)E

Recap : finite pitch screw .

fl .

h.nl c- f=[w ] with v= - wxqthw

see back for all cases .

.

Sarna  twists
.

C only one more case ,
hto )

special Case

D Zero pitch screw ⇒ pure rotation about l

2) Infinite pitch soon ⇒ pure translation

Usually .
 we factor  twists like this :

g=e9¥i ) 11Wh = I unit twbt

ii ) f
" who

uvn -1



Charles Theorem

Every rigid body motion can be realized by a rotation  about an  axis
.

combined

with a translation along that ax 's
.

k÷I¥⇒
" "

¥¥a*
h¥÷d ⇒ hi  ¥ c pitch)

Proof of Charles Theorem
. follows this logic :

D Y 9 E SECS )
. If E see } ) .

st do =g
citron snjeotiuity of exp

>

2) given f twist )
,

there is a corresponding grew motion

( prop . ztoin Mls )

Preview of rigid body rebates ,
Ritt LXI Ybaz;]

Start wl Rotation Is

RtD=socD
.

what ↳ R
' at / ii. wxxj

CRTR) =L xba :

rep of X . axis of rotated

form WRT original three .



Rigid Body Velocity

start with rotational C angular) velocity .

Start with RTR =L
,

where we assume RTDESOCD is a smooth motion
, ie .

each element of Rets is differentiable in wrt t
.

RHS = ftp.lt?
.

'

.

"

;gµ ,
] ⇒ d¥RiD=RH) and ijth element is ii. its

IZ
by itself is not a great way

to keep  track of rotational velocities
.

starting with CH RTR =L
t a

dark = #
side  fact : if AH )

, BH ) have compatible dimensions
,

and are smooth functions of the
.

da CAB ) = A' Bt AB
'

⇒ ¥ CRTR) = d¥RTR + Ridder = 03×3

= pit Rt Rtiz

= c Mint tkt 'R

⇒ ( Kirst = - RTK

⇒ RTR is a  skew - symmetric matrix .



Therefore ,

we can define wb= CRTRY as so called Body Angular Velocity

likewise
, starting

with RRT =L

¥
to

ws=CR'RTY : spadal Angular Velocity

Look at Wi . RTR
'

Premuttiply by R
. Post . multiply by RT on both sides

.

= RCRTRTRT = itsRinbth
T F

⇒ its  = R ( Wb ) RT

⇒ Ws ÷ Rwb

likewise ,
Wb = RTWS

Two interpretations of rigid Transformation .

113}
.

P"

Passive
"

a , Pb=teP of P wrt SB}
/

'

HH
n

< hgy,¥ p
Pa -  - - -

. fat

>
I Pa . E) Pb :[ fs]

v
'
.

ha



Passive interpretation of gab ESECD is  the change of coordinate
.

Pai gabpb

Active interpretation of gab ESEI } > is the movement of the points via

malt by gab .

p→gp
IN

^ -
>

✓

Consider motion of a point under a motion Pablo

Pacts = Rab CHPI
K Constant .

velocity if point
o

Va =P'a=
"

Rabpbt RabP%

fA| fB}
^ 9=# B Body velocity

>

j

v vbfddtpb - o

⇒ Va = piabpb
Rather :

vb ,
^WabbPb=Wabb×Pb

Put V I P  in same frame

Note : Pb - Ribpa ⇒ Va= Riab CRai's Pa ) -tRabRaT Pa

( Pa : Rab PD Va  = who Pa =  wsasxpa



SECD Motion

9abCts=(Rogbt's Pab

#
1131

µ|aF÷%
9b= const

.

^ Vqa = # fact ) C BK {A } is considered
stationary

)

>

⇒ Vqa = ddqlgabtbqb )

.

. jobhe
9aI9a

⇒ Vqa : Cjabgaj
'

)9a

¥
=  spatial Body Velocity

.

Lee gets :[ Not'Paf ] Twist

g.g
'

.Lion! ]µo!'

my ]=[Rrf time.tt/
⇒ view .tk 't'¥¥'s



ie
.

is =jg
"

⇒ vs = cjgyu
and likewise

,

jb = gig

⇒ vb = cgtgjv
where

in EfnationII. EH my

vb.EE#d=Hj

Go back to Vqa = Cojab gfD9a

ifeng.ua
= tab 9 a t Vats

where WII =

'

Rab Rtab

Vasb=
- Riabtiabpabttsab



Recap .

Is -

. ggt ⇒ vs= [
'

RRTPTP
'

]CKRTT

in .

. gig ⇒ vb =L Rhein ]
These are related by a similarity Transformation !

g.
'

jsg = gtcggjg = ib

FT

jb
= gtjsg

is = gjbgt

Can  we turn this into a  relationship between Vs Vb

See Pss - Psb MLS

: :[ Roth ] it
⇒

vbittdg
) "V '

Fbxbmafrix
=

(
R

'
-RFYDR]✓s

Adg 0 12
'

÷
gt



⇒ Adgt = [ Adg ]t
"

Inverse of Adjoint is  the Adjoint of the inverse
"

Recall Vq=vTs9a
What is vd of q written wrt SB} ? ( Instantaneous Frame )

SA } SB}
^ " Th

vqb = Cgab ) "Vqa2

y >
s :E 's N

n r >

vie=Vef9e
\ > v

Vq=cgy5' Vqe )v

vqb
= gtabtasb%

,

= gay
'

Jabs Taras

asVab

⇒ vqb=V^ab9b



Velocity of a screw motion

at )
Let gas : et gco) gas .

- const

^  a µ
⇒ gi = foeitgid ⇒vnsjglfoetogco)[&gto

, ]
"

=foi
However . as =gg± 91

"

told

#
⇒

✓

b.
(

Adgy
9 )f

Does the choice of Body Frame affect Vb ?

Fat = gtaciga .

= ( gid gas ) Cifab 9k )

÷be Tba Sbc

i. Vbac = Adgnn V !

A : Yes
,

Body Velocity is not invariant to body Frame
.

Special Velocity .

Fai  - -

giacgtaciCgiasgbdCgabgbDt.igabgb@gid9aI.f!b
⇒ Invariant



Sum up :

spacial Velocity
: • is invariant to body frame

•  is Not invariant To spatial frame .

FA 's
. f B) fixed 14 Move

Calculate the = ojacgta = cgabfgktgabg.be) Cgbigab
'

)

= gasgibagidgatb

rabtsbegas
'

⇒ Vase = Adgab Vh

Tv
Not invariant to spaoial frame .

Body Velocity :  . is invariant to special frame ⇒ Vba
=

Vbeb

.  is not invariant to body frame .
⇒ the = Adgtnvabb

Suppose SA 's is  fixed
,

SB } moves relative SAS ⇒ gabct )

lc } moves relative SB } ⇒ gbcct )

⇒ gc} .  -
- SA 's ⇒ gac  = Gab -

Gbc

Jsac = gacgtac = Cjabgbctgab"gbdC9k9iD
= ojabgbfggaj'

t gabcjbcojngtas

Tai = iiabtgabvbigts



⇒ Vsac =
Vsab # Adgabtlbc

similarly ,

Vub = Vbact Adgii Va
.

Adjoint .

• Vs = Adgvb

. Vsac

=VsabtAdgabVIc
.

Vbac
= Vbbctadcgbe ,

Vabb

. 9
'

= Adgl C Transform of screw )

Overview :

- Points  . Vectors

. Rigid Transformations
.

Groups : group action . gnp pndut .

homerphbm .

e

Representing rigid transformation

- Homog Transformations
- Exponetials of Twists C Rodrigues ,

cool - led family
- Euler Angles ,

ew%
, well :|

- Axis
. Angle

- screw ⇒ twists

. Rigid Body velocities .

• Adjoins .

. DOF : constraints
.



. Linear Vector Spaces . linearity .

G : SO (2) → SO (3)

or ) : µ
.

°

;]
.  Twists as velocites

.

-

final 12/21

This class : serial - link
, open chain manipulators , typically with a

sequence of single Dot joints

Joints can be

.
1 DO't

- revolute

=Prismatic } soon Motion

Heliml

. ZDO 't a 3 Dot

cylindrical IPlanar
rev

.
t Prismatic spherical

ball in  a  socket
.



"

Lower Pairs
"

Goal in Forward Kinematics : Find a mapping from joint space to

g : Q → sea ,
configuration  space

Where Q = joint space .

Q=R
"

.

where n = # of joints .

technically , Q=T
"

for all revolute joint .
. Tn=[xs'xEs

'

n

We say if Q=R
"

,  then it's an n - DOF robot .

If n< G. . under actuated robot

rub fully actuated robot
.

n > 6
,

redundant manipulator

Classical kinematics : eg .
in Craig

Attach Frames to each link
.

calculate [ passive ) link - to - link transformation .

<
H

g
O , ¥02

131

{ 23 ^ ^ 't

ST
}

Tis
"

> (FEEL. z g. (a) =[Rto¥' '84 )
ID PI >nut *

txtoyy . 0,t÷Tf*±pt¥¥t¥'

axis > % earthy'
in

→ ✓

tR×t⇒RzHD
0

"" ""
Fs

}
"

93 '
'
Lo

,

"

of 9.3 With ,

"
on

)
x

a¥n¥hopy

>
Z

% > Zxl
tfk, v Y

X



-

( D - H came up a standard procedure . )

Final Mapping

Gstca ,
Oz

,
Os ) =9si9r -

qq.gg
Transform points from tool frame spatial frame

-
get

Active Perspective .

Product of Exponential Formulation
.

Define two frames .

�1� ST ) �2� Choose a home configuration ,
and

9 call this 0=0 .
ER

"

H < .

^
v

>
�3� Calculate g

L

04 POE

Gstlo

)=eHa
. - eta









Jacobian : Mapping from joint - space velocities to end - Etfeetor

Velocities .
It's calculated using

chain rule
.

"

Easy
"

Case : End . effethr pose
is written using local condition

. eg .

position + Euler angle

remaining
.

kfcq ) , f. . Mb → R6

Jcq ) f y

j.f@q.q
thtspae pose

-

Using Euler angles introduces artificial singularities !

To avoid this
.

we compute the manipulator Jacobian based on either

the body velocity
Vsbt or the spatial velocity Vsf

HE = Jsbfqsoi

Vsst . Jsacqjg



The Jacobian is a linear Mapping between joint - space velocities

and end - etfechr velocities
.

To calculate Vstb or Usf
. go back  to th definition .

vii. ghost

vii. igsgtsx

1¥
gsecq ) =

e&0 '

. . .ee#ngalo)

start with

Ist'
= ¥ [ to '

... . etnongseco) ] [ e&0'

. .
- etnongsco , ]

"

= fiaetia .  .
. etna gust diagnosed.  .  " gag

+ . ...  + eeiaeeiaa
. . etna' jnqnetnongaco)

Multiply together

. oieitozeeiaqnettt 't jjeiaehongeeioz e-
£0 '

t.it Oineeio'
. ...

time ' fgnefnat
. ...

eeia
E

linear in At Eli : Adia ... efifuf ,

¢=µfd)
"

we "⇒vst
. E. s

, toast ... tonk ,
9



⇒

fifteen
'

teed

Jsstcq ,
w

see back for jsebcq ,
fek

"

Recall ~

is!=gtaga=gtst[gsigs.is#=AdgstVsi

⇒ Thad = Adam Jsst

Recall If gstcq ) is the forward kinematic map and say Jsicq)

is the spatial Jacobian matrix
.

A singularity is a point qst EQ
,

st Jcq ) loses rank frm its

usual rank .

If QER '
,

then look at det ( JG ) ) and if deluca) ) is a

nontrivial c scalar) function
.

then  the awsual rank is 6 .

The job of finding singularities reduces  to  finding q vector that cause

detljcq ) ) =o



Other cases :

n< 6
: Rank C J ) £ NCG

Assume rankcj ) is
"

usually
"

n
,

,

then  a singularity
would

be when tankcj ) < n

n > 6 : redundant manipulator ,

Typically ranked =6

-
 Enhancedexterous workspace

.

r provides extra to solve sub - tasks
.

C say , avoiding collision )

. singularity when rank < 6

Two physical Ramifications . of singularities .

1 ) loss of ( local ) Dot of and . effects .

C can't achieve certain end - effeeter velocities)

2)
Inability to  transmit certain  ewtetfectir  forces into  torques

Characterizing singularities using twists .

Recall trail revolute robots
,

Jed . [ wwY9
'

-

Yeah . . . →Ynq) EIR
"



ELICo - linear parallel joints .

�1� W ,=IWz

q⇐*9.

...
.IEEE

'

'
'

Owixcq ,  -9 ,
)=o

↳ katsre . :[
'

why .f www.agsatm

"

:( Myung
if wi= - ws

,  then add 9.  th

,
9 ,

and 9 . are linearly dependent .

Example 2 : parallel a- planar revolute joints .

⇒ D wi=±wj ,

i. j - 1. 2.3

2) 7- n

't
'

.
n' 4 ,  - 9d=o

drip4
n



Example 3 . 4 co -

intersecting revolute

wixcqi - 9) =o  far some q .

Yes
"

Example 4
.

C not in body

four Parallel C not her . coplanar) axes
.

pfwsonew .

Assume Wi=@.
 1=1 . . .  4

.

fifty,¥
4 % are n 9. deal . ⇒ a. ,

g=
-

- wth ,  - With - W3×9s - Week

]( Wi WL W } W4

.
Follow through mathematical rulebook

.

subtract last colfm 1st three

in [ abc ] fn  upper left 3×1 black
.



What are Jacobian Matrices good for ?

First .
' A rudimentary Cartesian controller

.

Let XER ' be the position of a point
under our control .

X=U UER '

,
where u is our control input .

Iskra
.

Suppose our goal is to drive xlt ) → X*
,

where XER
'

is a

fixed goal
.

"

Csi
'

approach .

Compute a path for our initial state to x*
. Xptb

×

* , i¥_÷r
" '' '

' " iacx 's + a a

,×
> t

ttinal

Now let uct ) =  

£
Xpttj

At



"

EE
' '

approah
.

= a feedback algorithm .

Define a control policy .

nets-

- KCx* . XHD

1- scalar feedback gain

44=4--1

⇒ j = u = k[X* - X ]

Error

Cut * - xt

⇒ dµe= I =  ix.  xFtI - Ke = - KLE

eus . e- kite
.

C ×'=Ax⇒ xHs=eAtx
.

⇒ ece )=o as t → a

pick K so  that T=¥ is short enough for  own
purpose .

Asymptiu convergence practiy at H wlin  st .



Resolved rate control

q
'

-

form
model

.

Let x=fCq )
,

Whole GEN Cjok variable )

Xtk tool - tip position .

Define Jcq ) = ¥ E 122 "

Recall x. = Jcqsq
'

-

linear mop .

⇒
'

q=F' casi

*7
K¥.ae#.xe*

93

Calculate algorithm :

U= kjteq ) [ X* - x ]
9

joint space velocities .

chain He .

Plug in ⇒ x
'

= taftcqsifcq) . g

⇒ i=Jcq)u = Jc9)[kjtcq ) .  [ x* ' 'd ]

⇒ x°=KL×t - × ]





i

It
' % ex - x*

µ¥Ii**a.

µ
.

y¥EE¥I←T*µ→go.gs#g .

Ss}
.it#HkgmYerronpgm

^ Mwh

#i
gt*t =gsI*gsy

grl -

<

' > ¥" error we want g #t → 1

At time to
, suppose gt*t=e900

.
where go .

0 are extracted using
the usual famdr .

Our goal : Make get stay along the same screw C associated with g.)

but make Oct ) → 0 as t→ -

⇐'s
.

*
e

'
= xt - X

ei = x.fi I = - u

*
⇒ U =

- KCX - X* ) = KGM - x) =  tke
'

⇒ E = - u - Cke 's = - Ke
'

Idea : make Vtebt point along tk screw

Jet ' 9kt
'

get =gkg*n[ gtse . gin ]
_z 9t*t



= gigs = Jst

Vba ± th = Jsicqsg

We will use this later to determine 9 . First find a good choice  for

:
et V¥t= - A.

where 9 is tk current unnormalized twist
,

ie
. f- 9.0

We will now show if = - kg aside :

could choose

If 'q= -1<9
Veatnks

⇒ fct ) = Ektgoo
.

IKIHE
~

11911 larger than E

initial condition
.

⇒ get =

expsaettf
. )

Vttt - - kftn
- ⇒ count velocity

OH )
Vb

. when Had
⇒ g#I

'

give = E
OH

sigefeotfj

= of
⇒ that =

- stg

⇒ vb= iog= - Koo Ektg

=
- kf



⇒ if we choose Vsk=V¥t= -

ksp

measure deny the stop.

⇒ ig .  .

KEH⇒ to as to

⇒ get → 2

⇒ q= jbacqj
'

Ekes ] Resented onhabd but

←

MH Linear Alg G. S .

The
'  '

transpose Jacobian
'

'

Generalized toast ER
" cn=A

'

pints ) are just quantity st .

the virtual work

8W
done

by
virtual displacement so  is given

by sweetish
At the end . effects .

the virtual work is given by SW =F8×
.

where 8x is a virtual

displacement
.



a

af§i¥÷yit
is

Conservation of energy ⇒ Principal of Virtual Work :

We can equate Virtual work at end - effects nieh the virtual

work done by joints .

gw = Tr . gx : I . so

# vector dd product

= FTSX = ztgo

In the tent ER
"

Let's assume ×=  fco)
, f : R

"

→ 123
.

 formal kinematics
.

⇒ sx=l¥ool so
# znfintedednd

naas

Knee
⇒ FTT to ) so  =t So Can ml mindlessly Canal 80

.

Txnt In



but since the expression is true for all So  ⇒

FTJCO) = TT

⇒ e=  EJ c.) It

To generalize this to Force / Trade @ end - effects .

moment

We need a way of expressing

Total torques : Wptwates
.

linear  forces .

YI, as"yy
pb .

. Itf #Torque .

9--3 fb

Body Wrench can be written wrt other body frames .

We can also define a spatial frame .

see chapter Z

Fb is define so  that SW =

fb.ly#oaTstxnanH
.

r"

virtual displacement

( nd a velocity )

Now
.  for a n - Dot robot with Kinematics

gstco ) =e&0'

. - . e&0"

gseu )

We hae The ⇒
. st

. ybfhTbwa) So

virtual displacement



Sw :C Fbjjstbcojfo
and

,
like before

SW -- TTSO

⇒ e= Jbacostfb
t

joint torque

g= . - .

-

,

µ
ii. go txicg ) ABE

after = expchatcx ;) )
,

B=A'
'
C

- ml divide B=A\C

Cgtestlg ) B=invCA)*cto: :p



Manipulability :

Affordances over the velocities of end - effects .

gof end . effectors

t Manipulability :⇒ can achieve GDOT of velocity with reasonable

joint velocities
,

Recall that tk Jacobian is Cof any jowl onfigurdm) linear mapping

V=JCo¥
'

no
, ^

⇒io .
" yKd¥e¥¥

v l
'

f ,

Vi

Gi 's are th square
roots of the nonzero eign values of

Cjtj ) or CJJT )

look at case n=6 , jeR6×6

we at 1Wh
'

= VTV = CJOYCJOJ = GTJTJ 'f c Quadratic

Tom )



Level sets of this are ellipsoids
,

Eigen values of JTJ are all non negative

Gi =JihcytT ( sorted ! )

Manipulability Measure
.

I
. Comin ,

smallest singular value
.

Aside : Uf JEIK "
7 Dot manipulation  take a

e- dimension of domain

T.u.eu
'

. LIFE'

a !o][FI io  spa . )

*thegnal

2 . Inverse of condition # of J

andcj ) =
#

Gmin

s . we take  Ex . § an
manipulability

measure .

3 . Det of J

→ only works if n 't

→ nd great numerically

dotted " dn pedal of ends of j



shyuwty
.

who $-1
9

fun .

eh

�1� clean up SVD

I : u £ VT E Ran n > 6
Z= ( Ilo ]

at Txcnf )

U : eigenvector of JJT
.

evalue are CG.2.GE )

v :

"  "

of JTJ
.

e- value are CG ? " " .G
'

.0mjd
)

U
.

V orthonormd

Facts :

sine Jdt is symmetric ,

it has orthogonal e- vectors .

CJ 't )

sine ygttg
,

is positive ,
semi - definite ⇒ eign rates areall non .

negate.

Note "

ggt =u£v
' vzut =u[ Elio]µoI) W



= u[ EET too ]ht
= U £2 UTT orthegwt

.

= U [£i ,
.

,

g.) U
"

verify relation between SVD eign structures

Likewise .

jy=v[ Too]vT

2×2 case

FAX. x. yen .
A= UEVT

LXZ  2×22×2

* × =XiatVsA&
✓ Iin A

> a 1
g. Ax

=uEV×€o*#%0: a

Elritfiautausta
:#It.IM

= UE ( %)

:[ uudlaooak:D

= LU . U . ] (
6 '

ayG AL

= 6 , A , U ,  t 6sAzU2



0 Transposed Jacobian Control
.

Recall

io
=  u control system u= input

oi=joint
velocities

.

U= - K [ Jbst Cos ] "f

where exptl.gs#9st

Turns out
, we can  also use U=-k[ Jbst

COJJYT

Transpose .  not inverse
.

Motivation : Gradient - based control of a 3D0F manipulator .

Let x=fHl .XER3
,

↳ position of tool "

# a

:*
.

¥
.x Define error V=I' lx - x*N

nk .  ← ladsee, of ✓
gradient meter orthogonal to lend sets

.

> ×
'

vcottllfio ) - * It

a # f. on
" "

a.  *. ,
¥

'

f
"¥dtf;÷÷ft¥t

'

a >

L



a

:qq.EE
" t¥¥⇒i

= ¥5 'C⇒
'

= J
'

I×V

Oi = - KFOV

= - KJTFXV

IN . C X - X* )

Inverse kinematics

Given end . effect or pose , find joint angles .

In Prob Set 4 ,
You solved for a. a when Xew

.

More general set of methods :

Works for 6 Dot manipulators wl spherical wrist iq some  others
.

Break down inverse kinematics into so-called Paden - Kahan sub problems
.

Three sp . in MLS :



5. P
. 1 Zero pitch

- f f : zero . pitch soon

Given 9. ,
P,

,9 p . µ , w
h=o

ftp.q ↳ q
.

find O : O=atan2 ( WTCU 'xv '
)

.

n' TV
'

)

u
'

= U - wwtu up . r

V '=W - www v . qr

solution exists if wTu=wTv
, Hu 'll =HV 'll

5=17.2

Let es
,

.es . be zero - pitch . unit magnitude  twist with intersecting

axes .

Find Oi
.

-02
, such that

effete Pa .

:
:
I

0 ,
1 or 2 solutions

.
( see book )



s.PL
9 = zero pitch . unit magnitude .

p ,qEM3

Find O s . t.tl9- et0P 11=8
. for some given S

:
.

Again , 0 .
1 on 2 solutions

.

Dynamics & Mechanics
.

b t

it  fox) Femi

In Robotics
, we are often interested in dynamical systems and often

such systems can be modeled via a set of 1st order

differential equations .

i  
=  fcx ,

u )
.

XER
"

, UERP

I.,

=  f. ( X ,  
.

.  - . Xu
, U , ,

... . . Up )

:in = fuck . - .
. Xu

, U ,  
. . . . Up )



there
. XER

"

are the state variables
,

UERP are the inputs .

Sometimes
, particularly in mechanics problems ,

it is convenient to write a system

of 2nd - order ODE 's
. for example :

#

nknhx
- a-

Dn→u
B

×=o c⇒ spring at rest

f. B. D
.

mx
"

= Et
kx u

= - KX - BilETA
BX

"

⇒ Mit Bit

tkX=u

Define state variables
.

Z= # E 122 state variables
.

STATE : Minimum information at time  to
,

such that
.

 together will all

future inputs . you can predict the evolution of the system .

Delay : Infinite state

*→th → vets =At - T)
T= delay



Information needed Cie ,
state ) .

 to predict

uct
) , tzo

is UH )
,

to - T et < to

Thus
, together with UA )

.
t7te

Lets we predict Act) , tzt .

Lfucttsl = Est Ucs ) t 1. c. term .

est .ie#In=  
¥2

It STK

Back to Mx
"

TBX
'

tkx = u

z = lxxl E R
'

if =L # = I Zimcu
. Bzz - KZ

, )
d µ

ii.  fncu - BI - kx )

kittles:tiEtu
Any w=Pz A

:on - singular matrix
.



would be OK choices for state variables
.

Taxonomy

I . Linear vs Non-linear
.

x. =AxtBn=fcXiu )

linear - system

Uict ) →

X.HU#mI-sx
Uuts → xxts

dlhtbtpfhct ) → &XiH)tfXztD

set U=o
,

ix. Ax

If X. A) . HH ) are solutions . xx ,H)tpX2tD is a solution
.

u=o case XH=E*x .

fnD=A× is a linear  function , ie . fcaxitpk ) : at # HPFHD

°

Rangel'D ispanfu , }
J=U£H=€HV'

' toad
⇒ I =  Guinto = scalar .U ,

Ker CJ) : span IV ' } Faln
.



* eurudt
'

"a÷;HtIt
Range CJ) :

span f Un . UH

Ker CJJ : span { Vti- -Vnl

Jacobian :

qtine - derivative of cords .

0 Chain Rule Jacobian X
'

= JOI

coordinateson both sides of a  mapping
# 9 Dot

- twist coordinate with
. ( Vicjg'D

0 Manipulator Jacobian . VJG oqgtgy

in SED ) for pose .  don't want to use Guler Angles

# winos FEO?'D
relate kilos & ( gtji

ws . IRRYV '

Jus )
j



Taxonomy of systems

1. Linear vs. Non-linear
.

X. =  fcxiw)
, XERN

.
UERD

Linear :  fcx ,u ) = AXTBU
4 In

nxn NXD

u→ let ->×

Uct ) → th → X ,

uzth → Msg → x ,

⇒ au.cat parts → FIT  → axitek
.

assuming Xco )

=b=oAside " XHI : edtxtf ! eMt⇒ Budde

Non-linear :

everything else
.

j=x2=  fcx )

f is not linear in X .



I .
Autonomies vs Non - autonomy

. .

time - invariant time - variant
.

Given a system Z
,

and xtD.net ) L state input ) that solves I
.

then Xct - t . ) and Uttto ) also solves 2
.

e. g. any system of tk form Z : ni =fcx.u )

Pt :

Let xD )
,

uit ) be a solution  to -2 . let XIDHCT - t . )
,

Tutsi uct.to ,
xit

If f explicitly depends on the , f#
hit )

Z is ttmtoryy |=
I Mechanical system .

Those that aside from Newton 's laws !

We will focus on These
. typically Autonomies

.
honked

W . a : lots of other - - of systems .



Dynamics of Rigid bodies

point masses :

In an inertial frame
,

Newton 's second law :

I : ml5
,

F. PER
where F :{Fi

. sum of all forces . acting on

the point mass .

mfs
FER '

PEN

Example : Centripibl Forces C inward - piney forced

µ✓%nI
say

F- B. D '

yattaohafme

.

*%a¥¥# In%
Decompose force

ft =o

fu = F  
'

 - unknown .



VZ
Art(v2

⇒ F=mq
Real force

'

. Centrist 'd Forma
.

No outward fore on mass
.

there 's on  an string .

System of Rigidly connected points .

A

temps 7. PGRB
,

'

v - 1,2
,

.
.  . n

Construe
.

11Pi - P
;R - l?j±oMore geneally

lij ( p ,
- - Pu ) to lij : 123 → R

.

such a  constraint

con
position variables ) is hdononk constraint

.

Constrain forces are orthogonal to  the constraints . of the form .

bilge. ¥'¥
,

,  
.  

'  -

EE ]
'

ah 's
.



Example :

Two masses ,
connected by a mass less pod :

momma

hcp ,
a) = HP . out . l

'

Constraint Forces are 1- to the constraints .

so . it *

ftp.HER
"

And hj : R
"

→ R
,

than
.

the austral forces are of the form

Fj

=R;E
ER

"

messiahs
:f%¥yj¥n|



Example

Masskss rod connecting two point masses
.

MZ

µq hcp ,q ) = HP-942 - I

po = ( P .9) Tcp . g) - I
M '

⇒ [ = qh =[3tp . ⇒ T

G Rb
-

-

1×3 1×3

ftp.zcp . 9) , ¥ = zcq . p)

g.zf.ly?p)
← direction of force on 1st particle

← direction of force on 2nd particle .

Back to n - point case
.

c¢z ,
a 0

hj CP ,
.

.
. Pn )

, j =L . " K
.

constraints

7 ; = Mip , Newton 's law
.

Stack up
:

Yet :[ m

i. mill .it



Break up

Fall : tait t Fc
4- constraint forces .

textifmi , .my?.pdtEnnfsYYen#s .

( Where Tre :  - End's E)
,

fj = I hj

R
,  

. -
- . Rk are called Lagarange Multipliers

.

We have 3h t k unknowns

9 t
P,  

.
. . Pu Ri ,  

. . - An

ant K equations .

tp equations hj a

equations



Better idea !

epi
Let f ; Cai

,
- - c- On )

.

til '  "

hp
# pomes

be known  functions and suppose

Pi =  fico , ,

. . as ⇐> hjcp , ...
 . Pn ) =o

i  =\ . . .n) j=| ,  
- . ok

where m=3h - K

a .  - . On are generalized ordinates and are unconstrained
.

Example :

heyrl'H=LY:# = :tc⇒

hcp ) =x2ty2 . f
'

#

Note that HOGR mod 2h

htfco ) ) : tcits ' )=t=o

showed

p . fcos ⇒ hcp ) =o

To show "

⇐
"

Assume hcp ) =o ⇒ ftp.E.o

Then 0=atan2C I. x ) gives an angle such that ptfco )



Read principle of least Action by Feynman

Recap

Piifi ( 0 , .
. .

. on ) i =/ .
- . n

14
m=3h - K

✓

hj ( Pi .
" Pn ) =o

, j=l ,  
-

- K

Generalized Coordinates : a
,

...
. On

•

PER ' h,cp)=e3Tp ⇒ PETH

' ¢
,¥g°dfl#t#i

then .

n' that 'es=o
.

n . aol.q.cat .¥5' × PETI ,

2

up , :[n'head

office] es tan

D choices of coordinates

Q -0
,

with f st
. fat

�2� I such that be 1- es.tn

I =
#

llnkesi



Consider a genemtiad coordinate .
d .

fcdtqt Id
.

"

⇒
 

initial
:l¥hh¥Eftn]

Y
estittesedo

Eyeft :)

Itn

'  '

⇐
"

Assume dips -0

Let dikes 't

cheek it turf :

fed) : qtfcp -95't



Principle of least action

let a "

. On be generalized coordinates
.

write OEIR
"

Define kinetic energy and potential energy
T Co

.
oh VCO )

e. of
pendulum

yYp%j"€←
generalized coordinate fcoj =L [ Yo ]

→ x

T= Imlipn
'

= End # foot 's
=  Imiloffsotyp

= Itmo
'

f- mglsino

Define Lagrangian

Lot .
0

'

) : T Cao 's - Vcoy

And the action

S : ftp.lco.osdt
Principle of least aetkn :  the trajectory of system minimize s



⇒ Jfuo . 'osdt=O

TV
ariathwl derivative

.

OnJJLCO
.

'esdt=o

=t¥aotefooosdt
¥fj

,

ijotse
.

tdtstossodt
=o

:ot
. tattoo

S :S Lott

Ss : Scotia . tabs # dt=o

Generating NDOF

Fai . taffeta to cm external forces )

If we add external forces :

¥¥ta - ¥ -

. Ii a upsilons



Obligatory Example
K th Tcx , is = In 'x2

kt_Tf=|]M
✓ ( × ) =lzkx2 Cttookean Spring )B

LCX ,
:X )=T - V=Imx' 2- Ikx '

Ztx = - kx d # = mx"at

⇒ ¥ ⇒ - Ex =miitkx=I

look at 7. B. D to  figure
/

" # ⇒ Miitkx - - Bxi
Bi ←

"

k Miitkxtbx =o

specific equations you get depend on what you choose for generalized

Coordinates
.

but what the system does does not !

Example .

→ × Two choices :

yhed! Ml
m

Pol



C x. y ) c.ch#aiabes ( p , g)

Change variablesLagtfange

's Equations
c-

wilted

Lagrange 's Equations
.

Example
-

g
point mass sliding a mass

.

It
Generalized coordinate choices

.

o=X

Another choice  : Ots
.

s = distance along curve
.

Let O=X

Etncxstjy - mgy

=  Intent Cftxsitftmgfcb
"

By =m(

fixlx
) fed - mgftx)

d¥¥x=adtcmitmttxx 't '' D)

=mx" + miittxjtzmfcxnifix



Conservativeat Fx - ¥ a

¢

mCHftxJ2ilmti@Dxi2.imgfiDmiitBXtkxu.d

ispaled










